Abstract. We prove that any compact almost complex manifold (M 2m , J) of real dimension 2m admits a pseudo-holomorphic embedding in (R 4m+2 ,J) for a suitable positive almost complex structureJ. Moreover, we give a necessary and sufficient condition, expressed in terms of the Segre class s m (M, J), for the existence of an embedding or an immersion in (R 4m ,J). We also discuss the pseudo-holomorphic embeddings of an almost complex 4-manifold in (R 6 ,J).
Introduction
The first and last authors in [5, Theorem 1] stated that any almost complex manifold of real dimension 2m can be pseudo-holomorphically embedded in (R 6m ,J) for a suitable positive almost complex structureJ. Although the statement is true, their proof is incorrect. It is based on the statement that the symmetric space Γ(n) = SO(2n)/ U (n) is (n − 1)-connected, which is not true. If k 2n − 2, the homotopy groups π k (Γ(n)) are said to be stable. The stable homotopy groups of Γ(n) have been computed by Bott [2] . He showed that for k 2n − 2, For the unstable homotopy groups of Γ(n), see [19] , [12] , [15] and [24] . The aim of this paper is to show that the main result of [5] can be improved in several directions. Namely, by reducing the codimension and by allowing immersions. Our main theorems are the following. Theorem 1. Any almost complex manifold (M 2m , J) of real dimension 2m can be pseudo-holomorphically embedded in (R 4m+2 ,J) for a suitable positive almost complex structureJ .
Notice that the codimension 2m + 2 improves the 4m of [5, Theorem 1] for m > 1. We denote by c(M, J) the total Chern class of (M, J), and by s(M, J) = c(M, J)
the total Segre class of (M, J). Let s k (M, J) ∈ H 2k (M) be the 2k-dimensional term of s(M, J). We also define
Remark 2. I(M, J) is an integer because the normal Euler number of an immersion of M 2m in R 4m is even by a theorem of Whitney [29] . Indeed, −2I(M, J) is going to be the normal Euler number, see the proof of Theorem 3. The first part of the following corollary is immediate because s 1 (S, J) = −c 1 (S, J), hence I(S, J) = 1 − g(S) for a closed Riemann surface (S, J), see also [4] . The second part is a consequence of known facts, that is the existence of a torus fibration on S 4 , which is due to Matsumoto [20] . However, we incorporate this result in the corollary because this construction enlightens nicely and more concretely our results in the case of elliptic curves as a family of pseudo-holomorphic curves in R 4 .
Corollary 4. (S, J) can be pseudo-holomorphically immersed in (R 4 ,J), for someJ, if and only if S is either a torus or a sphere. Moreover,J can be suitably chosen so that (R 4 ,J) admits a two-dimensional holomorphic singular foliation with the property that the regular leaves but one are pseudo-holomorphically embedded tori, the other regular leaf is a pseudo-holomorphically embedded cylinder S 1 × R, and the singular leaf is a pseudo-holomorphically immersed sphere with one node.
For a closed, oriented 4-manifold M, we denote the signature of M by σ(M).
Theorem 5. Suppose that (M, J) is a closed almost complex 4-manifold such that H 2 (M) has no 2-torsion. Then, (M, J) can be pseudo-holomorphically embedded in (R 6 ,J), for someJ, if and only if σ(M) = χ(M) = 0 and c 1 (M, J) = 0.
Remark 6. Our proof of Theorem 1 also shows the existence of an isometric and pseudoholomorphic embedding of an almost Hermitian manifold (M 2m , J, g) into (R 2qm ,J, g 0 ), where g 0 is the flat standard metric,J is a suitable almost complex structure compatible with g 0 and q m is a sufficiently large integer. Indeed, the proof of Theorem 1 starts with the use of the well-known theorem of Whitney to embed M into R 4m+2 . If we start our proof of Theorem 1 with an isometric embedding f of (M, g) into (R 2qm , g 0 ) where q m is determined as in Nash's theorem [23] , then our proof shows the existence of the suitablẽ J compatible with g 0 such that f is also pseudo-holomorphic (for recent improvements of q m see [11] and the references therein).
The paper is organized as follows. In Section 2 we address some preliminaries and fix notations. In Section 3 we prove Theorems 1 and 3. The proofs make use of Proposition 11, which is proved therein. In Section 4 we quickly recall basic facts about Lefschetz fibrations, and prove the second part of Corollary 4. Section 5 addresses the four-dimensional case, with the proof of Theorem 5. We conclude with some remarks in Section 6, providing also the sketch of an alternative proof of Theorem 5.
Preliminaries
Throughout this paper, manifolds are assumed to be connected, oriented, and smooth, that is of class C ∞ . Maps between manifolds are also assumed to be smooth, if not differently stated.
Let M be an even dimensional manifold. An automorphism J : T M → T M satisfying J 2 = −id is called an almost complex structure on M. The pair (M, J) is called an almost complex manifold. Equivalently, an almost complex structure is a complex structure on the tangent bundle, where the multiplication by i on T p M corresponds to the action of J p . In particular, an almost complex structure determines a preferred orientation on M.
If M is already oriented, J is said to be positive if the given orientation coincides with the one determined by J. Otherwise, J is said to be a negative almost complex structure.
The space Γ(n) of positive linear complex structure on R 2n , that is the set of matrices which are conjugate to
by an element of GL + (R 2n ), is diffeomorphic with the symmetric space GL + (R 2n )/ GL(C n ), which in turn is homotopy equivalent to Γ(n). An almost complex structure on R 2n can be considered as a map J : R 2n → Γ(n). Our results depend on well-known theorems of Whitney on the existence of immersions and embeddings of smooth manifolds into Euclidean spaces [29, 30] . We also make use of the Hirsch-Smale theory on the classification of immersions [14, 26] . We first quickly recall Whitney's theorems.
Theorem 8 (Whitney [29] ). Any smooth m-manifold can be embedded in R 2m .
Theorem 9 (Whitney [30] ). For m > 1, any smooth m-manifold can be immersed in R 2m−1 .
A key ingredient in the proof of Theorem 8 is the self-intersection number I(f ) of an immersion f : M m → R 2m with normal crossings, that is an immersion f whose selfintersections are all transverse double points.
When m is even and M is orientable, I(f ) is the algebraic self-intersection of f (whereas if m is odd or M is non-orientable, I(f ) is defined only mod 2). By results of Whitney for m 3 and Hirsch (based on work of Smale) for m = 2, two immersions f and g of M m into R 2m are regularly homotopic if and only if I(f ) = I(g) and moreover any f is regularly homotopic to an immersion with exactly |I(f )| singular points. In particular, f is regularly homotopic to an embedding if and only if I(f ) = 0.
Our proof of Theorem 3 is based on the following theorem of Hirsch [14] and Smale [26] . We denote by Imm(M, N) the space of immersions of M into N, and by Mon(T M, T N) the space of bundle monomorphisms from T M to T N, endowed with the C ∞ -topology, with M m and N n manifolds of dimensions m < n.
is a weak homotopy equivalence. In particular, the tangent map induces a bijection
In other words, the classification of immersions up to regular homotopy is reduced to that of monomorphisms up to homotopy.
For N = R n , homotopy classes of bundle monomorphisms T M → T R n correspond to homotopy classes of maps T M → R n which are linear and injective on each fiber, and in turn these are sections of a bundle over M with fiber diffeomorphic to the Stiefel manifold V m (R n ) of linear injective maps R m → R n , that is the space of n × m matrices of rank m. Note that V m (R n ) is homotopy equivalent to the homogeneous space SO(n)/ SO(n − m). Now we focus on the immersions of a closed, oriented, connected manifold M 2m into R 4m . By obstruction theory, the obstructions to homotopy between two sections of a V 2m (R 4m )-bundle lie in the cohomology groups
Hence, there are identifications
This is given exactly by the self-intersection I(f ) for immersions with only normal crossings. Let ν f be the normal bundle of the immersion f . It is well known that the normal Euler class e(ν f ) is given by −2I(f )[M] (see [29] , [18] ). Hence, the normal Euler class also classifies regular homotopy classes of immersions of M 2m into R 4m . We use this fact in the proof of Theorem 3.
The proofs of theorems 1 and 3
First, we prove the following proposition.
Proposition 11. (M 2m , J) can be pseudo-holomorphically embedded in (R 2n ,J) for a suitable positive almost complex structureJ, if and only if there is an embedding f : M → C n such that the tangent map T f : T M → T C n is homotopic to a complex linear monomorphism through a homotopy of monomorphisms covering f .
Proof. We begin with the 'only if' part. Take a pseudo-holomorphic embedding f : (M, J) → (R 2n ,J). The standard complex structure J 1 of C n is homotopic to J 0 =J through a homotopy (J t ) t∈[0,1] of almost complex structures, because both structures are positive and R 2n ∼ = C n is contractible. We can find vector fields {e 1 (t), . . . , e n (t)} on C n , which depend smoothly on t ∈ [0, 1] and which pointwise span (T C n , J t ) as a complex vector bundle. These vector fields can be constructed by taking the pullback ξ of T C n via the projection [0, 1] × C n → C n and considering the whole homotopy (J t ) t∈[0,1] as a complex structure on ξ.
Let ψ t : (T C n , J 0 ) → (T C n , J t ) be the C-linear bundle isomorphism over the identity such that ψ t (e i (0)) = e i (t) for all i = 1, . . . , n. Then,
n is a homotopy of monomorphisms covering f such that F 0 = T f and F 1 is complex linear with respect to the standard structure J 1 .
Next, we prove the 'if' part. Let ( ] be a homotopy of monomorphisms covering f between F 0 = T f and a C-linear monomorphism
n , which is a complex linear subspace. Therefore, ν 1 ∼ = ν 0 admits a complex structure J ′ . Thus, we get a complex structure
Hence, there is an extensionJ : R 2n → Γ(n) of J ′′ , and this concludes the proof. Now, we are ready to prove Theorem 1.
Proof of Theorem 1. We take an embedding f : M 2m → R 4m+2 . By Proposition 11, it is enough to show the existence of a complex linear monomorphism which is homotopic to the tangent map T f via a homotopy of monomorphisms covering f . A complex linear monomorphism covering f corresponds to a section of a V m (C 2m+1 )-bundle over M, where we denote by V m (C n ) ≃ U(n)/U(n − m) the complex Stiefel manifold of complex linear injective maps C m → C n . Note that the identification
is (2m+ 2)-connected, a section uniquely exists up to homotopy. Since V 2m (R 4m+2 ) is (2m + 1)-connected, the homotopy type of monomorphisms covering f is also unique. Hence, a pseudo-holomorphic monomorphism exists and it is homotopic to the tangent map T f via a homotopy of monomorphisms covering f . 
. This implies that f ′ is regularly homotopic to an immersion f : M → C 2m with exactly I(M, J) double points, which are necessarily all positive. Note that the normal bundle ν f , being isomorphic to ν f ′ , inherits a complex structure which we still denote by J ′ .
If I(M, J) = 0, f is an embedding and the complex bundle T M ⊕ν f over M gives a map g : f (M) → Γ(2m) which is homotopic to a constant, since T f : T M → T C 2m is homotopic to a complex linear monomorphism by a homotopy of linear monomorphisms. Therefore, g can be extended to an almost complex structureJ on C 2m such that f : (M, J) → (C 2m ,J) is a pseudo-holomorphic embedding.
Next consider the case I(M, J) > 0. First, isotope f so that the two tangent spaces at the self-intersection points of f (M) are orthogonal. Let p, q ∈ M be two distinct points such that f (p) = f (q). We have isomorphisms T p f :
Positivity of self-intersections assures that these isomorphisms are orientation-preserving, and so we can homotope the complex structure J ′ in a neighborhood of p and q, so that the above isomorphisms are complex linear. After performing this homotopy on all pairs of points of M which are identified by f , we get an almost complex structure J ⊕ J ′ on C 2m along the immersed manifold f (M), that is a map g : f (M) → Γ(2m). Notice that g • f is homotopic to a constant.
The space f (M) is obtained from M by identifying finitely many pairs of points. So, f (M) is homotopy equivalent to the wedge sum of M with n copies of
, where n is the number of the double points of f . In order to show that g is homotopic to a constant, we can assume that g is defined on this wedge sum (up to composing g with a suitable homotopy equivalence).
Since Γ(2m) is simply-connected, the map g can be homotoped to a constant on the circles S 1 in the wedge sum. So, g factorizes by a map g ′ : M → Γ(2m) which is homotopic to g • f , hence to a constant. Therefore, g is homotopic to a constant. This means that g can be extended to a mapJ : C 2m → Γ(2m), which is the desired almost complex structure.
Remark 12. In the case where M
2m is open, any almost complex manifold (M 2m , J) can be pseudo-holomorphically embedded in (R 4m ,J) for a suitable positive almost complex structureJ. Since the open manifold M 2m is isotopic to a neighborhood of the (2m − 1)-skeleton and V 2m (R 4m ) is (2m − 1)-connected, the space Mon(T M 2m , T R 4m ) is pathconnected.
A pseudo-holomorphic foliation of (R 4 ,J) and the proof of Corollary 4
We first recall the notion of Lefschetz fibration. For further details and general facts about Lefschetz fibrations, see for example [9] or [1, Section 6] .
Let M be a closed 4-manifold, and let S be a closed surface. A Lefschetz fibration on M is a map f : M → S such that at the critical points, f is locally equivalent to the complex non-degenerate quadratic form (z 1 , z 2 ) → z 1 z 2 (positive critical point), or to (z 1 , z 2 ) → z 1z2 (negative critical point), with respect to suitably chosen local complex coordinates that are compatible with the given orientations. It follows that a Lefschetz fibration is an open map. We assume that f is injective on the critical set, which is a finite set.
Away from the critical image Crit(f ) ⊂ S, f is a surface bundle over S − Crit(f ), with fiber a closed, oriented surface F (the regular fiber of f ). If g is the genus of F , we say that f is a genus-g Lefschetz fibration.
A singular fiber F a = f −1 (a), a ∈ Crit(f ), is an immersed surface with one node singularity. Notice that this node can be positive or negative, accordingly with its sign as a critical point of f . We denote by Crit + (f ) ⊂ S the set of positive critical values of f , and by Crit − (f ) ⊂ S the set of negative critical values. Hence, we have Crit(f ) = Crit + (f ) ⊔ Crit − (f ). By looking at the local model, one can show that there is a simple curve c a ⊂ F , which is called a vanishing cycle, such that F a ∼ = F/c a . The monodromy of a small loop around a in S is a Dehn twist about the curve c a . The vanishing cycles are not uniquely determined, depending on the choice of generators for π 1 (S − Crit(f )).
Given a Lefschetz fibration f : M → S, it is a known fact that there are almost complex structuresJ on M + = M −Crit − (f ) and J on S such that f | : (M + ,J) → (S, J) is pseudoholomorphic. In particular the fibers of f |M + are pseudo-holomorphic (possibly immersed) curves, which define a pseudo-holomorphic singular foliation. For the sake of completeness, we give the construction of such almost complex structures.
For any positive critical point a of f , take a local complex chart (U a , ϕ a ) around a and a local complex chart (V a , ψ a ) around f (a) such that (
Take also a smaller compact neighborhood U ′ a ⊂ U a of a. Next, we endow M with a Riemannian metric g such that ϕ a is an isometry in a neighborhood of U ′ a , for all a ∈ Crit + (f ), where C 2 is endowed with the Euclidean metric. Also, endow S with a complex structure J. Since the space Γ(1) is contractible, up to deforming J in a neighborhood of f (U ′ a ), we can assume that ψ a : (Int(f (U ′ a )), J) → C is complex analytic for all a.
Next, define an almost complex structureJ on M + − Crit + (f ) such thatJ is a 90
• -rotation in the counterclockwise direction (with respect the the given orientation) on any tangent plane T p F p to a fiber
It follows thatJ coincides in U ′ a −{a} with the integrable complex structure determined by the local chart ϕ a , henceJ extends over Crit + (f ).
By construction, f : (M + ,J) → (S, J) is pseudo-holomorphic, hence the fibers are pseudo-holomorphic curves.
Matsumoto's fibration on S 4 . In [20] Matsumoto constructed a genus-1 Lefschetz fibration f : S 4 → S 2 with two critical points {a + , a − } of opposite signs (see also [9, Example 8.4 .7] for a description in terms of Kirby diagrams).
We sketch this construction here. We begin with the Hopf fibration h : S 3 → S 2 , which is the projectivization C 2 − {0} → CP 1 ∼ = S 2 restricted to S 3 ⊂ C 2 , which is defined by the equation |z 1 | 2 + |z 2 | 2 = 1. Then make the suspension Σh : S 4 → S 3 . The map f can be described topologically as a perturbation of f 1 = h • Σh. It is worth noting that both f 1 and f are nice maps that represent the generator of π 4 (S 2 ) ∼ = Z 2 . The construction of f goes as follows. Recall that the Hopf fibration is given by
where we consider S 2 ⊂ C × R to be defined by the equation |z| 2 + x 2 = 1. The suspension can be represented by
where
After some straightforward simplifications, we get that f 1 = h • Σh can be expressed by the formula
It can be proved that f 1 is a genus-1 Lefschetz fibration with two critical points a ± = (0, 0, ±1) ∈ S 4 of opposite signs. The problem is that f 1 (a + ) = f 1 (a − ), so the singular fiber is a sphere with two opposite nodes. This is due to the fact that Σh(a + ) = (0, i) and Σh(a − ) = (0, −i) belong to the same fiber of h. We handle this issue by taking an orientation-preserving diffeomorphism k : S 3 → S 3 such that k(0, i) and k(0, −i) belong to different fibers of h. Finally put
It follows that f is a genus-1 Lefschetz fibration with two critical points a ± such that f (a + ) = f (a − ).
The singular fibers of f are two immersed spheres Σ ± = f −1 (f (a ± )), each one with one positive or negative node singularity. Notice that Σ ± − {a ± } ∼ = S 1 × R. By the above construction, we get an almost complex structureJ on S 4 − {a − } ∼ = R 4 , such that f | : (R 4 ,J) → S 2 is pseudo-holomorphic, and this concludes the proof of Corollary 4.
Problem 13. Can we takeJ integrable?
Almost complex 4-manifolds in R 6
In this section we prove Theorem 5. We will make use of the following theorem. The normal bundle ν f is trivial [17] . Let J ′ be a complex structure on ν f such that J ′ is compatible with the normal orientation induced by the embedding f . Thus, we get an almost complex structure
. Now we show that g is null-homotopic. Take a cell decomposition
Therefore, the only obstruction Ω(g) for g to be null-homotopic lies in
In other words, g is homotopic to a constant map over the 2-skeleton M (2) if and only if the element Ω(g) ∈ H 2 (M) is zero. Moreover, once g has been homotoped to a constant on M (2) , we can extend this homotopy over higher skeleta because π 3 (Γ(3)) = π 4 (Γ(3)) = 0. Since c 1 (M, J) = 0 and since H 2 (M) has no 2-torsion, the following lemma implies that Ω(g) = 0, and this concludes the proof.
Proof. For a topological group G, we denote by BG the classifying space of G, so that there is a natural bijection between the set of equivalence classes of principal G-bundles over any CW-complex X, and the set of homotopy classes of maps [X, BG], see [21, 22] .
The inclusion U (3) → SO(6) induces a fibration BU(3) → BSO (6) The homotopy exact sequence for the fibration Γ(3) → BU(3) → BSO (6) , that is
is given by 0 → Z → Z → Z 2 → 0. Hence, the map ι * : π 2 (Γ(3)) → π 2 (BU(3)) is the double map in Z. Thus, Ω is mapped to
which is the obstruction for ι • g to be null-homotopic over M (2) . On the other hand, (ι • g) |M (2) determines the class (ι • g) * c 1 , where c 1 is a generator of H 2 (BU(3)) ∼ = Z. Hence, 2Ω(g) is equal to the first Chern class of the complex vector bundle T M ⊕ ν f . Therefore, we obtain 2Ω(g) = c 1 (M, J ⊕ J ′ ) = c 1 (M, J). We note that a similar argument can be found in the proof of Theorem 8.18 in [10] and in Section 8.1 of [7] .
Final remarks
By a theorem of Dold and Whitney [6] and by Hirzebruch's signature formula [13] , we have that w 2 (M) = 0 and σ(M) = χ(M) = 0 if and only if M is parallelizable.
In general, if M 2m has trivial Euler characteristic and embeds in R 2m+2 , then M 2m is parallelizable. This follows from Kervaire's theorem about the generalized curvatura integra [16] . We quickly sketch this proof. Let M n ⊂ R n+k , k > 1, be a framed submanifold, that is an embedded submanifold M along with a trivialization of the normal bundle, which is essentially a map G : M → V k (R n+k ) (the generalized Gauss map). Since V k (R n+k ) is (n − 1)-connected, the element
which is called the generalized curvatura integra, is the only obstruction for G to be null-homotopic. In [16] (χ(M)). Therefore, for a real oriented codimension-2 submanifold M 2m ⊂ C m+1 with χ(M) = 0, we have that the generalized curvatura integra G * ([M]) is zero for any trivialization of the normal bundle. This implies that G : M → V 2 (R 2m+2 ) is homotopic to the constant map given by the complex vector field ∂/∂z m+1 , where (z 1 , . . . , z m+1 ) ∈ C m+1 are the standard coordinates. Hence, T M is homotopic, as a subbundle of T C m+1 , to the trivial bundle M × C m . Therefore, M 2m is parallelizable. These considerations lead to an alternative proof of Theorem 5. Let (M, J) be an almost complex 4-manifold which satisfies the hypotheses of Theorem 5. So, we can consider M as a real submanifold of C 3 , having trivial curvatura integra. It follows that a trivialization of the normal bundle is homotopic to the vector field ∂/ ∂z 3 , and the tangent bundle is homotopic to M × C 2 in (T C 3 ) |M = M × C 3 . This way, M inherits another almost complex structure J 1 induced by the identification T M ∼ = M ×C 2 . The assumption that H 2 (M) has no 2-torsion is equivalent to the fact that spin c structures on M are classified by the first Chern class (see for example Theorem 2.4.9 in [9] ). A spin c structure on M can be identified with the homotopy class of a complex structure over the 2-skeleton M (2) that extends over the 3-skeleton M (3) [8] . It follows that the two almost complex structure J and J 1 on M are homotopic over M (2) because both of them have trivial first Chern class. Let J ′ be a complex structure on the normal bundle of M. We have that the standard complex structure on the bundle (T C 3 ) |M is homotopic, over M (2) , with the Whitney sum J ⊕ J ′ . Therefore, the obstruction Ω(g) defined in the previous Section is trivial, implying that the map g : M → Γ(3) is null-homotopic.
